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268 NEUTRON STARS

Figure 5.10. Threshold chemical potentials of neutral hyperons and neutron (left) and of nega-
tively charged hyperons and the sum µe+µn (right) versus baryon number density for model C of
Glendenning (1985). Vertical dotted lines mark the thresholds for the creation of new hyperons;
dashed lines show minimum enthalpies µ0

H of unstable hyperons before the thresholds.

5.14.1 Hyperonic composition
Let us consider an electrically neutral matter composed of baryons B (nucle-

ons and hyperons) and leptons ℓ (electron and muons) at a given baryon number
density nb. The baryon density is

∑

B

nB = nb , (5.111)

while the electric charge neutrality implies
∑

B

nBQB −
∑

ℓ=e,µ

nℓ = 0 , (5.112)

where QB is the electric charge of a baryon B in units of e. The energy density
depends on the number densities of baryons {nB} and leptons (ne, nµ), E =
E({nB}, ne, nµ). The equilibrium state has to be determined by minimizing E
under the constraints given by Eqs. (5.111) and (5.112). To this aim, we will
use the method of Lagrange multipliers described in §5.11.1. In analogy with
Eq. (5.91) we define the auxiliary energy density Ẽ

Ẽ = E + λb

(
∑

B

nB − nb

)
+ λq

⎛

⎝
∑

B

QBnB −
∑

ℓ=e,µ

nℓ

⎞

⎠ . (5.113)

P. Haensel, A.Y. Potekhin, D.G. Yakovlev 
Neutron Stars 1, Springer 2007
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FIG. 3. (Color online) Mass—radius and mass—central density
relations for different equations of state. Details are given in the text.

This is in fact confirmed by the composition of NS matter
shown in the upper panels of Fig. 2, where the results obtained
with the two models V18 + TBF + ESC08 and V18 + UIX′+
NSC89 are compared with those of purely nuclear matter,
V18 + TBF and V18 + UIX′, disregarding the appearance
of hyperons. It is striking to see how the roles of the ! and
"− hyperons are reversed with the two YN potentials: With
the NSC89 the "− appears first at about twice normal nuclear
matter density and the ! at about 0.6 fm−3, whereas with
the ESC08 the hyperon onset densities are nearly the same,
but ! and "− are swapped. Furthermore, with the ESC08
the ! concentration reaches much larger values than with the
NSC89, while the "− remains more suppressed, due to its
strong repulsion in neutron-rich matter; see Fig. 1.

Pressure and energy density of hyperonic NS matter, shown
in the lower panels of Fig. 2, are quite similar for both models.
This is in contrast to the purely nucleonic calculations, where
one observes a much stiffer nuclear EOS with the microscopic
TBF than with the UIX′, see also Refs. [6,9]. The proton
fraction is larger with the microscopic TBF, which would
favor also a larger "− concentration. Evidently this effect
is completely overcome by the strong "− repulsion with the
ESC08 potential.

These results allow to interpret easily the final resulting
mass—radius and mass—central density relations for the
different EOS that are shown in Fig. 3: Regarding the purely
nucleonic cases (thin curves), in accordance with the EOS

shown in Fig. 2 one obtains a much larger maximum mass
with the microscopic TBF than with the UIX′ (2.27 M⊙ vs
1.82 M⊙) [6], while remarkably the introduction of hyperons
yields nearly the same maximum mass in both models
(1.37 M⊙ vs 1.32 M⊙; thick solid and dashed curves). These
values are also very close to the result 1.34 M⊙ that was
obtained in an approximate way in Ref. [6] by combining
the microscopic TBF with the NSC89 potential, i.e., V18 +
TBF + NSC89, and that we repeat here for completeness,
together with the result for V18 + UIX′+ ESC08 (1.36 M⊙),
obtained in the same way.

While the maximum masses of hyperon stars are thus
nearly identical, there are significant differences for the
corresponding radii that are linked to the maximum central
baryon density that is reached in the different models. In
any case, however, most current observed NS masses [26]
are superior to these theoretical values of hyperon stars.

IV. CONCLUSIONS

In this article the finding of very low maximum masses of
hyperon stars within the BHF approach is reconfirmed, using
very recent realistic nucleon-nucleon and hyperon-nucleon
interactions.

Compared to previous results based on the V18 + UIX′

NN force and the NSC89/97 YN models, both changes are in
principle able to stiffen the EOS and increase the maximum
mass (as clearly shown for purely nucleonic stars), but it is
amazing to see how well the self-regulating compensation
softening mechanism for the hypernuclear EOS works, finally
yielding nearly the same maximum mass of about 1.35 M⊙ as
before.

This result reinforces once more the important conclusion
that in our approach massive neutron stars have to be hybrid
stars containing a core of nonbaryonic (“quark”) matter [27],
since the possibility of them being nucleonic stars is ruled out
by the early appearance of hyperons.

It seems difficult to avoid this conclusion, even in view
of the current uncertainties regarding hyperon-hyperon and
hyperonic three-body interactions. Only simultaneous strong
repulsion in all relevant channels could significantly raise the
maximum mass (see, however, Ref. [28]). Obviously it will
be an important task for the future to verify this by following
future experimental and theoretical developments in this field.
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✓ 2-body interaction: AV18 & Usmani
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✓ 3-body interaction: Urbana IX & Usmani
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Hyp. : nuclear effects cancel at most
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D. L., S. Gandolfi, F. Pederiva, Phys. Rev. C 87, 041303(R) (2013)
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D. L., S. Gandolfi, F. Pederiva, Phys. Rev. C 87, 041303(R) (2013)

Hyp. : nuclear effects cancel at most ✓ 78 Chapter 4. Results: finite systems

NN potential
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⇤NN V

⇤N V
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⇤NN

Argonne V4’ 7.1(1) 5.1(1) 43(1) 19(1)

Argonne V6’ 6.3(1) 5.2(1) 34(1) 21(1)

Minnesota 7.4(1) 5.2(1) 50(1) 17(2)

Expt. 3.12(2) 13.0(4)

Table 4.2: ⇤ separation energies (in MeV) for 5

⇤

He and 17

⇤

O obtained using different
nucleon potentials (AV4’, AV6’, Minnesota) and different hyperon-nucleon interac-
tion (two-body alone and two-body plus three-body, set of parameters (I)) [41]. In
the last line the experimental B

⇤

for 5

⇤

He is from Ref. [77]. Since no experimen-
tal data for 17

⇤

O exists, the reference separation energy is the semiempirical value
reported in Ref. [192].

is about a factor of 2 too large. This fact is usually reported as A = 5 anomaly.
With only a ⇤N potential fitted to ⇤p scattering, the heavier hypernuclei result
then strongly overbound.

As suggested by the same Dalitz [148] and successively by Bodmer and Us-
mani [181], the inclusion of a ⇤-nucleon-nucleon potential may solve the overbinding
problem. This is indeed the case, as reported for instance in Refs. [184, 189, 192].
Therefore, in our AFDMC calculations we included the three-body ⇤NN interac-
tion developed by Bodmer, Usmani and Carlson and described in § 2.2.2. Among
the available parametrizations coming from different VMC studies of light hyper-
nuclei, the set of parameters for the ⇤NN potential has been originally taken
from Ref. [185], being the choice that made the variational B

⇤

for 5

⇤

He and 17

⇤

O
compatible with the expected results. It reads:

(I)

8<:
CP = 0.60 MeV
CS = 0.00 MeV

WD = 0.015 MeV

The inclusion of the ⇤NN force reduces the overbinding and thus the hyperon
separation energies, as reported in Tab. 4.2. Although the results are still not
compatible with the experimental ones, the gain in energy due to the inclusion of
the three-body hypernuclear force is considerable.

It has to be pointed out that this result might in principle depend on the partic-
ular choice of the NN interaction used to describe both nucleus and hypernucleus.
One of the main mechanisms that might generate this dependence might be due to
the different environment experienced by the hyperon in the hypernucleus because

       not sensitive to the details  
of nucleon-nucleon interaction
B⇤
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B R
   

[ M
eV

 ]

D. L., F. Pederiva, S. Gandolfi,  
Phys. Rev. C 89, 014314 (2014)

VMC results:  A. A. Usmani, F. C. Khanna,  
J. Phys. G: Nucl. Part. Phys. 35, 025105 (2008)

5
⇤He study

✓        fixed 
✓                 analysis
CS

CP ,WD
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good for both      
5
⇤He

17
⇤Oand
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The strange QMC project: hypernuclei
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✓ pedagogical example: two components Fermi gas

neutrons  
+  

lambdas

(
⇢n = (1� x⇤)⇢b

⇢⇤ = x⇤⇢b

8
<

:

⇢b = ⇢n + ⇢⇤

x⇤ =
⇢⇤

⇢b

8
><

>:

EHNM(⇢b, x⇤) =
h
E

F
n (⇢n) +mn

i
(1� x⇤) +

h
E

F
⇤ (⇢⇤) +m⇤

i
x⇤

EHNM(⇢b, x⇤) =
h
E

F
n (⇢n) +mn

i
⇢n +

h
E

F
⇤ (⇢⇤) +m⇤

i
⇢⇤

µ⇤(⇢⇤) = µn(⇢n)

has solution!
m⇤ > mn

(
⇢

th
⇤ @ x⇤ ! 0

x⇤(⇢⇤)

µ↵(⇢↵) =
@E
@⇢↵

=
5

3
EF

↵ (⇢↵) +m↵



!35The strange QMC project: hypermatter
E 

[M
eV

]

lb [fm-3]

Fermi n 

Fermi n+R 

0

20

40

60

80

100

120

140

160

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

⇢th⇤ = 0.837 fm�3



!36The strange QMC project: hypermatter

✓ realistic case: interacting particles

EHNM(⇢b, x⇤) =
h
EPNM((1� x⇤)⇢b) +mn

i
(1� x⇤)

+
h
E

F
⇤ (x⇤⇢b) +m⇤

i
x⇤ + f(⇢b, x⇤)

n, nn

⇤, n⇤,⇤⇤

Problem: limitation in x⇤ due to simulation box

2-body
3-body

f(⇢b, x⇤) = �EMC(@ Nn) same volume

cluster  
expansion

⇢⇤⇢n
⇢b

⇢⇤⇢n⇢n
⇢b

⇢⇤⇢n⇢n⇢n
⇢b

, ,
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>>:
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@EPNM

@⇢n
+mn + f(⇢b, x⇤) + ⇢b
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@⇢n

µ⇤(⇢b, x⇤) = E

F
⇤ (⇢⇤) + ⇢⇤

@E
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⇤

@⇢⇤
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@⇢⇤

equilibrium condition:

⇢
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⇤ @ x⇤ ! 0
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preliminary
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preliminary
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preliminary
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!46Conclusions

✓ Method:  
‣ development of Quantum Monte Carlo framework for finite and infinite 

nuclear systems including strangeness 

✓ Hypernuclei:  

‣ hypernuclei are overbound by a two-body hyperon-nucleon interaction alone 

‣ the inclusion of a three-body force provides the necessary repulsion to 
reproduce the ground state physics of medium-heavy hypernuclei 

‣ the three-body potential refitted on the separation energy of two selected 
hypernuclei correctly reproduces the experimental data up to A=91 

✓ Hypermatter: 

‣ very soft EoS and low maximum mass by including a two-body hyperon-
nucleon interaction alone 

‣ important repulsive contribution of the three-body force: chance to reconcile 
hyperons appearance and observational limits on neutron star masses

(preliminary)



!47Future

✓ Method:  
‣ inclusion of nucleon-nucleon spin-orbit term, three-nucleon force 

‣ TABC for neutron and hyper-neutron matter 

‣ nuclear and hyper-nuclear matter 

✓ Hypernuclei and hypermatter: need of better interactions  

‣ projection of the present hyperon-nucleon interaction on isospin channels: 
refit of the potential 

‣ use of different potentials, maybe chiral interactions

more experimental data needed



Thank you!



!50Backup: hyperon-nucleon interaction

vCSB
�i = C⌧ T

2
⇡ (r�i) ⌧

z
i

v�ij = v2⇡,P�ij + v2⇡,S�ij + vD�ij

8

>

>

>

>

>

<

>

>

>

>

>

:

v2⇡,P�ij = �CP

6

n

Xi� , X�j

o

⌧i · ⌧j

v2⇡,S�ij = CS Z (r�i)Z (r�j) �i · r̂i� �j · r̂j� ⌧i · ⌧j

vD�ij = WD T 2
⇡ (r�i)T

2
⇡ (r�j)



1 +
1

6
�� ·(�i + �j)

�

v�i = v0(r�i) +
1

4
v�T

2
⇡ (r�i)�� · �i

✓ 2-body interaction

✓ 3-body interaction

charge symmetric

charge symmetry breaking
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Parameters System Bsym
⇤ BCSB

⇤ �BCSB
⇤

Set (I)
4
⇤H 1.97(11) 1.89(9)

0.24(12)
4
⇤He 2.02(10) 2.13(8)

Set (II)
4
⇤H 1.07(8) 0.95(9)

0.27(13)
4
⇤He 1.07(9) 1.22(9)

Expt.
4
⇤H — 2.04(4)

0.35(5)
4
⇤He — 2.39(3)

CSB effect

D. L., F. Pederiva, S. Gandolfi, Phys. Rev. C 89, 014314 (2014)



System E B⇤(⇤) �B⇤⇤

4He -32.67(8) — —

5
⇤He -35.89(12) 3.22(14) —

6
⇤⇤He -40.6(3) 7.9(3) 1.5(4)

6
⇤⇤He Expt. 7.25± 0.19+0.18

�0.11 1.01± 0.20+0.18
�0.11

double      hypernuclei⇤

D. L., F. Pederiva, S. Gandolfi, Phys. Rev. C 89, 014314 (2014)

Backup: hyperon-hyperon interaction !52

v�µ =
3X

k=1

⇣
v(k)0 + v(k)� �� · �µ

⌘
e�µ(k)r2�µ

E. Hiyama, et al., Phys. Rev. C 66, 024007 (2002)



PANDA @ FAIR
- anti-proton beam
- double �-hypernuclei
- �-ray spectroscopy

SPHERE @ JINR
- heavy ion beams
- single �-hypernuclei
- weak decay

ALICE @ LHC
- URHIC collider
- anti �-hypernuclei
- exotica?

KEK � J-PARC
- intense K� beams
- single and double �-hypernuclei
- �-ray spectroscopy for single �

HypHI @ GSI
- heavy ion beams
- single �-hypernuclei

at extreme isospins
- magnetic moments

FINUDA @ DA⇥NE
- e+e� collider
- stopped-K� reaction
- single �-hypernuclei
- �-ray spectroscopySTAR @ BNL

- RHIC collider

- single ⇤-hypernuclei

- anti ⇤-hypernuclei

- double ⇤-hypernuclei

JLABKEK
J-PARC

2010 2020

ALICE
PANDASTAR

SPHEREFINUDA
HypHI

2000
KAOS . . .

!53Backup: hypernuclei experimental status

Adapted from: J. Pochodzalla, Acta Phys. Polon. B 42, 833– 842 (2011) 
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s.p. orbitals plane waves

 T (R,S) =
Y

�i

f⇤N
c (r�i) 

N
T (RN , SN ) ⇤

T (R⇤, S⇤)

�(R, S) = A
" N
Y
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'
✏ (ri, si)

#

= det
n

'
✏ (ri, si)

o

 
T (R, S) =

Y

i<j

f
c (rij)�(R, S)

 = N,⇤

n
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✓
u�

v�

◆

�

= u�|⇤ "i� + v�|⇤ #i�

si =

0

BB@

ai
bi
ci
di

1

CCA

i

= ai|p "ii + bi|p #ii + ci|n "ii + di|n #ii
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V SD
NN + V SD

⇤N =
1

2

3NNX
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NNX
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i ⌧zi
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A[�⌧ ]
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A[⌧ ]
ij

C [�]
�µ

direct calculation

diagonalization:

�n eigenvalues

eigenvectors n

On = �n  n


